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Assignment

>
Read §’§_._1, §6.2, §6.3, 86.4

> Problems: Next Class
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Part II: Sorting and Order Statistics

» Chapter 6: Heapsort
1eapsor

» Chapter 7: Quicksort
—

» Chapter 8: Sorting in linear time

—_—
» Chapter 9: Medians and order statistics
—_——
meh

AN
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Part II: Sorting and Order Statistics

n
» Fundamental sorting algorithms( insertion sort, merge so 9

heapsort, quicksort 1

— b = R QU[feyn)
» Comparison-based sorting and its limitations K )
» Non-comparison sorting: counting sort, radix sort, bucket sort

What'’s in this part? ’Dk ’-) 0( Q N

» Selecting the jth smallest element — order statistics

1
Big Picture: Sorting is essential in nd practice —
efficient, optimal, and widely applicable.
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Sorting — The Problem and Structure

(A, =, hn/

Goal: Rearrange n input elements so that: L)

/
<'A\| | “‘7
a/<a/2S.._ ~

» We often sort records (e.g., students, orders) by a@e.g.,
score).

> Satellite data (e.g., name, address) must move with the key.

» Efficient sorting may use pointers instead of physically
moving records. D
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Four Core Sorting Algorithms

» Insertion Sort: Simple, quadratic time, but fast for small
inputs. In-place.

» Merge Sort: O(nlogn) time, divide-and-conquer, not

in-place.
('\/- e//
eapsort W_In place/uses(heaps fpriority queues).
( > Quncksort Fast in practice, O(nlog n) expected time, O(n?)
worst-case. = O =

All four are comparison sorts.
~—~———————
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Lower Bound for Comparison Sorting

> Key Result:
Any comparison-based sort requires at least Q(nlog n)

comparisons (worst-case).
> Merge sort and heapsort are asymptotically (optimal.

’l«Q*)h
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Non-Comparison Sorts (Faster When Possible)

To go faster than Q(n log ;) we must avoid comparisons.
» Counting Sort: When keys are integers in [0, k]. Time:
O(n+ k)
T .. .
» Radix Sort: For digit-based numbers. Time: @(d(@ k))

» Bucket Sort: For uniform real numbers in [0,1). Time: e(r(f)
'\———-
average-case
x

Assumption: Input keys must satisfy special structure or
\_~_h

distribution.
—_—
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Order Statistics (Chapt@

> im_qr_deu];a_t@c: The

» Can solve with sorting\ O(nlogn
N .
(> Randomized Select: O(n) expected time

» Deterministic Select O(n) wprst-case time (but more

complex)

smallest element in an array
\

Use case: Find the median, minimum, maximum, etc. without full
sort.
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Chapter 6:/Heapsor

r> Chapter 6.1: @ \/

» Chapter 6.2: Maintaining the heap property M A - \I\*"‘ﬁ"\ V
> Chapter 6.3: Building a heap Builk W Henf 7

» Chapter 6.4: The heapsort algorithm /& \’]l "VJ“(*\’

—_—

V

» Chapter 6.5: Priority queues
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Heapsort: Overview

P> Heapsort is a sorting algorithm introduced in this chapter.

> Like Merge Sort:

» Runs in O(nlog n) time

» Like Insertion Sort:

» Sorts in place, using only constant extra space
S—
» Combines the best features of both: @ nd space-efficient

» Introduces w algorithmic idea: using a data structure
called a heap to manage information
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What is a Binary Heap?

» A (hinary) heap is a nearly complete hinary tree

> Represented as an array A[l : n]

> A.heap_size denotes the number of elements currently in the

heap | HJ |
» Tree is filled top to bottom, left to right |4/ N
, lo
o }/,L {
i / /\
> ] N o
4 ] 5 2 7 W/\_\A 8 9/10

) 6 A .
O\ pel A
DS (| G R ]
pS

() (b)
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Heap Index Formulas ,

Given a node at index i:

RIGHT(i) = 2i + 1

P Bmm——— ¢
P> These are computed efficiently using bit shifts L 2 j
» Commonly implemented as inline functions or macros
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\ V‘“ .
Heap Properties plye t_‘ t

>@Heap:
For all nodes i (except the root), the following h

» (Min-Heap:
For all nodes i (except the root), the following holds:

Alparent(7)] < Al

o~

» So the smallest element is at the root: A[1]

Vv

> Heapsort uses a max heap

> Priority queues often use a min-heap \/
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Heap Height and Runtime

Coming up in this chapter:
v P(MfAX-HEAP,IF\?{ maintain heap property ((O
) /BUILD-MAX-HEAP — make a heap from unord

\/ > HEAPSORT — sorting in-place using a heap
=
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Chapter 6: Heapsort

» Chapter 6.1: Heaps

» Chapter 6.2: Maintaining the heap property
» Chapter 6.3: Building a heap

» Chapter 6.4: The heapsort algorithm

» Chapter 6.5: Priority queues



Maintaining the Heap Property

)

» Core idea:(MAX-HEAPIFY ensures the max-heap property is

——— ~————

preserved. -

, . . )L ) )

> |nput: Arra,mth A heap-size, and lndﬁ[ — {-\( (A“(n

~—— _—
> Assumes:

> Subtrees rooted at LEFT (i) and RIGHT(i) are already
max-heaps.

» Node i may violate th p property.
> Action: Let the value at A[i] float down the tree
Goal: Make the subtree rooted at i a va||d max—heap
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MAX-HEAPIFY in Action (Figure 6.2)

\&k '

1y W
» Step 1: Compare A[i], A[LEFT(i)], and A[RIGHT (i)]
> Step 2: m and set index in largest -
> Step 3: If Iargest‘;*:_

» Swap A[i] and A'[largest]
» Recursively call MAX=HEAPIFY on index largest

Fixing violations from top-down.
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MAX-HEAPIFY in Action (Figure 6.2)

Fixing violations from top-down.


JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO




MAX-HEAPIFY Algorithm T

Algorithm 1 MAX- HEAPIFY() ,) \
1 [« LEFT(i) 4

> 1 RIGHT( ) \

A.heap- s\ze an A[/] > A[/ then

&— Iargest — / (/
15 else T— ‘

'6: largest < i

@ 7: end if ‘\ \O(

8: if r < A.heap-size and A[r] > Allargest] then

9 largest < r —

10: end if 1 \

11 if largest # i th \Qz

Cl‘z; mA[?a(wlth Allargest]
13: MAX- HEAPIFY@/argest
14: end if

\

Note: LEFT(i) = 2i, RIGHT(i) = 2i + 1
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nodes.
» Time to compare and swap at each step is O(1).

» Recursive call occurs on a subtree of size at most 2?” (h\

l
, rT(n)gT(i—”)Wl) \\’\H(Q\n—ﬂ

» Using the Master Theorem (Case 2):

1144
T(n) = O(logn)

Alternatively: Run time is O(h) where h is the height of node i.
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Think About It | (V'7 (Q

s each child subtree in MAX-HEAPIFY have size at most
‘ 2n/37

Hint: Consider the structure of a complete binary tree.

Question 2:

Given the recurrence:

T(n) < T(2n/3) +©(1)

use the Master Theorem to find the time complexity of

MAX-HEAPIFY.
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Answer: Why Subtree Size Is at Most 2n/3 p
ap

To analyze the worst-case size of a child subtree in a binar

» We want to find the maximum nu of node&is
left or right subtree.

» The heap is a complete binary tree: A ledele & [
possibly the last, which is filled left-to-right. L

» To maximize the size of the left subtree, it should include as
many nodes as possible in the last level.

Let k be|the helght of the last leyel, with:

eft subtree size Right subtree size = é

AR 11(~\ *\4.*" T'LK

2
2k 4 ok=1 — 3. 9k-1 < n:>2k L S — = Max subtree size < n

Conclusion: Each recursive call to m—HEAPIFY acts on a subtree
of size at most | 2n/3|.
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Answer: Time Complexity via Master Theorem

%
We solve the recurrence: 0\:\ b= //é T \
N
T(n) < T(2n/3) 4 O(1) Yon,
- n /
Step 1: Match to the Master Theorem form:

T(n) = T(n/b) + £(n) 0 \Q"‘) U‘\\

Here, a=1, b =3/2 (since n/b = 2n/3), and f(n) =|©(1)

Step 2: Compare f(n) to n'°8s3 = p'o8321 — p0 — 1
P pare f(n) /\\\A\/, )
Conclusion: This is Case 2 of the Master Theerem: A
£(n) = ©(n'°8:2) = T(n) </O(log n) C 20
N~ °
. %)
Final Result: MAX-HEAPIFY runs in//O(log n)\ time.

—
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Chapter 6: Heapsort

» Chapter 6.1: Heap
» Chapter 6.2: Maintaining the heap property ‘J\\/\
» Chapter 6.3: Building a heap

—_—

» Chapter 6.4: The heapsort algorithm

» Chapter 6.5: Priority queues
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Exercise 6.1-8: ldentifying Leaves in a Heap
Y

Statement: In an n-element heap stored as aiarray A[l: n], the
leaves are the nodes with indices:

22 reen) (4 (4]
Proof: F:?\?

» In a heap, the children of a nod@are at 2/ and 2i 4-1.

> If i > ["J then 2i > n — i has no children — it is a leaf.
| o —

> IfJ < , then2/ < n — it has at at least a left child — it is

C— !
I

Conclusion: Leaves are exactly those with indices from L%J +1to
n.
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BUILD-MAX-HEAP_Algorithm

Goal: Convert an array A[l: n] into a max-heap.

Procedure:

1: procedure BUILD-MAX-HEAP(A, n)

2: A.heap-size < n -

3: for i + LnLQJ downto 1 do

4: MAX- HEAPIFYM i

5: endfor

6: end procedure V)/iJ ¥ ) \"“‘{: & '“k‘l\’\,\xh()
Key IIdez: Ihnternal nodes are heapified from bottom-up. Leaves
are already heaps. .

\ v N %
nt

ke
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hy BUILD-MAX-HEAP Works (Looprinvariant)
T

Loop Invariant: At the start of each iteration, nodes i + 1 to n

are all roots of valid max—hea?s.
Initialization: @
> i=[n/2 ~ mAh—her P

» All nodes from i + 1 to n are leaves — /triviallmf ax—heapi

Maintenance: o
e — N
» Children of node i are great% an-i
> MAX-HEAPIFY(A, |i)'ensure
"\_/\__\

max-heap
Termination:

——
> After loop, all no t

» Especially A[1] (@ N
Ly


JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO



JOON SOO YOO




Figure: BUILD-MAX-HEAP Jn Action
Y%

alali]3]2Te[s 0[] 8] 7]
1
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Naive Runtime Analysis of BUILD-MAX-HEAP

» The procedure BUILD-MAX-HEAP (A) runs a loop:
for /= |n/2| downto 1: MAX-HEAPIFY(A, i)

» Number of iterations: |n/2] ~ O(n)

» Each call to MAX-HEAPIFY can take up to O(logn) time in
the worst case (if the node is near the root)

» Therefore, total worst-case time is:
O(n) - O(log n) = O(nlog n)

» This is a correct upper bound — but not the tightest possible.



Tighter Runtime Analysis of BUILD-MAX-HEAP

» The simple bound O(nlog n) assumes all calls to
MAX-HEAPIFY take O(log n) time

» In reality, many nodes are near the bottom of the heap and
have small height

> MAX-HEAPIFY runs in O(h) where h is the height of the node

» Idea: sum the work done at each height

» Using known bounds on the number of nodes at each height:

> |5r| - oth) = o(n)

» Tighter bound: O(n)



Key Questions for the Tighter Bound

To justify the tight O(n) analysis, we ask:
1. Why does an n-element heap have height |logn|?

2. Why are there at most [TZJ nodes of height h?

These structural properties of binary heaps allow us to bound the
total work done by BUILD-MAX-HEAP.



Why is Heap Height |log, n|?
Goal: Show that a binary heap with n elements has height |log, n|
» In a perfect binary tree of height h, number of nodes:
14244+ 42 =01 _1

» In a complete binary tree of height h, minimum number of
nodes:
2" (only one node at bottom level)

So the number of nodes n in a binary heap satisfies:
Taking log,:

h <logyn<h+1= h=|[log,n]



Why Do We Divide n by 217

Goal: Bound the number of nodes at height h in a binary heap of
size n

» A node at height h must be the root of a subtree of height h
» A full binary subtree of height h has:

Total nodes =1+ 24+ 4+ ...+ 20 =oht1 _ 1

» So each such node uses up at least 2"+1 — 1 positions in the
heap

» Total number of such nodes is at most:

n < [n
1) < ||



Tighter Runtime of BUILD-MAX-HEAP: Setup

Let:
» c: constant factor in the O(h) cost of MAX-HEAPIFY

> Nodes at height h: at most {2;11-‘
Total cost:
Llog n] n
h=0

Apply inequality: [x] < 2x for all x > 1
n n _
= {W-‘ < oh (CLRS Exercise 6.3-2)

So:
|log nJ

<cnz



Transforming the Summation

We now simplify:
[logn]

T(n)<cn Z >0
h=0

This summation is known to converge:
oo h B
2 i =

=0

From CLRS Equation A.11 (p.1142):

hxh = —X _ foro<x<1
2=y
S SL N T
T (-Lye  1/4

So we are safe to approximate:

T(n)<ecn-2



Final Result: BUILD-MAX-HEAP is Linear Time

Final bound:

T(n)<ecn-

i:cn-2:O(n)

2h
h

0
Interpretation:

» While a single MAX-HEAPIFY may cost O(log n), most nodes
lie near the bottom of the heap

» Their small height makes their cost low

» So the total cost of building a heap is dominated by these
shallow calls

» Hence, BUILD-MAX-HEAP runs in linear time.



Chapter 6: Heapsort

» Chapter 6.1: Heaps

» Chapter 6.2: Maintaining the heap property
» Chapter 6.3: Building a heap

» Chapter 6.4: The heapsort algorithm

» Chapter 6.5: Priority queues



Overview of HEAPSORT

HEAPSORT Steps:

1. Call BUILD-MAX-HEAP to organize the input array into a
max-heap.

2. The largest element is now at the root A[1].

3. Swap A[1] with A[n] to move the max to its final sorted
position.

4. Reduce the heap size by 1.
5. Call MAX-HEAPIFY on A[1] to restore the max-heap.

6. Repeat until heap size is 1.

Each iteration places the next-largest element in its final position.



HEAPSORT Pseudocode

HEAPSORT(A, n):
1. BUILD-MAX-HEAP(A, n)
2. for i = n downto 2:
» exchange A[1] with A[i]

> A.heap-size = A.heap-size - 1
> MAX-HEAPIFY(A, 1)
Key Idea: Each MAX-HEAPIFY fixes the heap with one fewer

element.



Visual Example of HEAPSORT
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Time Complexity of HEAPSORT

Step-by-step costs:
» BUILD-MAX-HEAP takes O(n) time
» The loop runs n — 1 times
» Each MAX-HEAPIFY call takes O(log n)

= T(n) = O(n)+ (n—1)- O(logn) = O(nlog n)

HEAPSORT is an in-place, comparison-based sort with
worst-case O(nlogn) time.



Question?



